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Description of Analysis

The area of undergraduate analysis includes introductory and advanced courses. First courses
focus on analysis on the real line including properties of real numbers, basic point-set topology,
and the theory of single variable calculus.



There are readily available Java applets that provide visualizations of the ¢- € definition of limit.
Appropriate integration of such resources can help students gain deeper understanding of the
complicated definitions and results in real analysis.

Prerequisites

At most institutions, the first course in analysis requires completion of the standard single
variable calculus sequence and at least one “transitions” course that introduces students to
methods of proof. A background in proof including an introduction to quantified statements,
proofs by contradiction, contraposition, and mathematical induction, is extremely helpful to
students working with the multiply-quantified statements that abound in analysis (e.g., “for every
e>0, there exists @ >0, ...”). However, at some institutions Introductory Real Analysis or
Advanced Calculus is used as the first introduction to proof course. Some textbooks are carefully
and deliberately written to serve this purpose (See Lay (1) or Zorn (2), for examples). When
introductory analysis is used as the topic for a first proofs course, the scope of the course is
usually narrowed when compared to an introductory analysis course that has a proofs course as
prerequisite.

With few exceptions, higher-level analysis courses require the introductory analysis course as a
prerequisite.

Cognitive goals addressed

An introductory analysis course typically focuses on the rigorous development of properties of
the set of real numbers, and the theory of functions on the real line. This includes the study of the
topology of the real numbers, sequences and series of real numbers, continuity, sequences of
functions, differentiability, and Riemann integration. While the specific content of this course is
important, of equal importance is helping students develop their analytical reasoning and critical
thinking skills. Students must be creative in analysis, and must learn to persevere in solving
complicated problems. They should develop the ability to read, understand, and write proofs, and
to accurately and concisely communicate mathematics.

To understand concepts including limits, convergence of sequences and series, subsequences, the
completeness of R in contrast with the set Q of rational numbers, and definitions of the
derivative and the Riemann integral, students must grapple with infinite processes. They must
become comfortable with imagining things that are difficult to visualize. Students must think
creatively to achieve this. Working with the delta-epsilon definition of limit is one of the major
stumbling blocks to student success in the course. Constructing delta-epsilon proofs often
requires the student to work backwards: they first identify their target (what they need to
conclude in their proof), work backwards toward what they know (their hypotheses), and then
reverse these steps to write a logical proof that is clear, concise, and correct. All of this takes
deep thought, organization, creativity, and careful analysis.

Communicating mathematics, both in written and verbal form, should be integral to any analysis
course. Analysis proofs are sophisticated and students must develop strong communication skills
to successfully write and communicate them. An introductory analysis class is the perfect setting
for students to begin learning to write carefully about mathematics and to present their proofs to
their peers. It is also an ideal time to introduce students to professional mathematical typesetting
programs such as LaTeX. In many ways, the first course in analysis introduces students to the
profession of mathematics.



Student-centered courses (for example, inquiry based learning, problem based learning, Moore
Method) tend to focus more on these general skills than lecture-based courses, but sometimes
cover fewer topics. In any case, class enrollment limits should be small enough to assure each
student is given the opportunity to develop these skills.

Other Mathematical Outcomes
Students should demonstrate understanding and facility with proof techniques including
direct proof, proof by contradiction, and proof by contraposition.
Students should improve both written and oral mathematical communication skills.
Students should learn the mathematics that forms the rigorous foundation of calculus of a
single real variable. They should develop facility with the major theorems of calculus.
In order to help them understand the ideas better, students should be able to construct
appropriate examples and counterexamples. To this end, the course should present the
students with statements whose veracity is in doubt and asked to determine whether or
not those statements are true.
Among the topics typically included in a first course in analysis, s



Sample Course Syllabi

Introductory Analysis
The following are suggested themes and topics for a standard one-semester course in introductory

analysis that has a proofs-based prerequisite. Topics marked with # can be considered optional
topics to include given sufficient time. We list the themes and topics in one logical order, but
there are other orders in which these topics can be covered. For example, some may cover
integration before covering series of functions and function approximation.

Properties of the real numbers
0 Completeness
0 Open and closed sets
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Power series

Taylor series

Fourier Series #

Bernstein polynomials and Weierstrass approximation #



Introductory Analysis with Introduction to Proof

The following are suggested themes and topics for a one-semester course in introductory analysis
that does not have a proofs-based prerequisite. Topics marked with # can be considered optional
topics to include given sufficient time. We list the themes and topics in one logical order, but

there are other orders in which these topics can be covered.

Logic, connectives, quantifiers
Set notation and operations
Proof techniques
o Direct proof
0 Inductive proofs
0 Proof by contradiction
Functions
Cardinality
Properties of the real numbers
0 Completeness
0 Open and closed sets
0 Properties of absolute value






Introductory Analysis based on Fourier Series
The following are suggested themes and topics for a one-semester course in introductory analysis

that is built around Fourier series and that has a proofs-based prerequisite. We list the themes and
topics in one logical order, but there are other orders in which these topics can be covered.

Fourier series: what they are, why they are important, why they are problematic






8. Mamona-Downs, J. On introducing a set perspective in the learning of limits of real
sequences. International Journal of Mathematical Education in Science and Technology,
41(2), 277-291, 2010.

This article aimed to provide students with opportunities to contrast the convergent
behavior of a sequence and the accumulation points of the underlying set of the sequence
through their commonalities and differences in structure. The author claims that the
more set-oriented perspective provides students with an alternative source for proving
propositions concerning properties of the limit of a sequence. Some examples were given
and comments were made on the cognitive level in this article.

9. Roh, K. How to help students conceptualize the rigorous definition of the limit of a
sequence. Problems, Resources, and Issues in Mathematics Undergraduate Studies, 20(6),
473-487, 2010a.

This article presented how real analysis students can be guided to conceptualize the
rigorous definition of the limit of a sequence. In particular, this article proposed a hands-
on activity, called the e-strip activity, with a physical device made from translucent paper,
as an instructional method to help students understand what it means for a sequence to
have a limit via visualization of the e-N definition of the limit of a sequence. Two
statements were suggested to students, each of which was written in terms of a
relationship between € and N, similar to the &-N definition: One required infinitely many
points of the sequence in the e-strips, which students commonly suggest, but is not
compatible with the standard definition. The other required only finitely many points
outside the e-strips, which sounds counterintuitive to students, but is logically equivalent
to the standard definition. This article also describes the learning objectives of each step
of the activity, and provides detailed instructional methods to guide students to reach the
learning objectives.

10. Roh, K., & Y.-H Lee,
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15. Swinyard, C., Reinventing the formal definition of limit: The case of Amy and Mike.
Journal of Mathematical Behavior, 30, 93-114, 2011.

This article focused on the evolution of the students’ definition of limit in ten-week
teaching experiment. Two students, neither of whom had previously seen the conventional

— definition of limit, reinvented a formal definition of limit capturing the intended
meaning of the conventional definition. This article provided a detailed account of how
student might think about limits formally.

16. Swinyard, C., & S. Larsen, Coming to understand the formal definition of limit:
Insights gained from engaging students in reinvention. Journal for Research in
Mathematics Education, 43(4), 465-493, 2012.

This article illustrates a model of how student might come to understand the concept of
the limit of a function at a point and at infinity, respectively. Analyzing two teaching
experiments, the authors proposed two theoretical constructs to account for the students’
success in formulating and understanding the formal definition of the limit of a function:
(1) the need for students to move away from their tendency to attend first the input
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22. Maher, R. Step by step proofs and small groups in first courses in algebra and analysis.
Problems, Resources, and Issues in Mathematics Undergraduate Studies, 4(3), 235-243,
1994,
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